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Gradient of a scalar function, unit normal,
directional derivative, divergence of a vector function, Curl of a vector
function, solenoidal and irrotational fields, simple and direct problems,
application of Laplace transform to differential equation and
simultaneous differential equations.

Gradient of a Scalar Function

Let & = P(x,y,z) be a given scalar field, then the
0p 09 099
ox ' dy ' 0z
is called the gradient of ¢ at the point (x,y,z). It is denoted by
grad ¢ or Vo.

Grad ¢ = Vc])=zt ’i+z‘i]"+z¢;f€

vector whose X, Y, Z components are respectively

Problems:-

1. If d(x,y,2) = x%- y? + 2yz + 2z find V¢ at the point (1,-2,1).

00 4,20 . 00 p
Vcb'ax l+8yj+ﬁzk

Vo= 2xi + (=2y + 22)j + (2y + 42)k

Vdp(1,—-2,1)=2i + 6] + 0k



2.

If d(x,y,2) = x2y3z* find grad ¢.
_09% . 90 . 00 ¢
V(i)— 0x H-E'y’H‘ azk

=2xy3z*1 + 3x%y2z*j + 4x2y3z3k

Y

.t d=xy +yz+ zx and W = x2yi + y2zj + z%xk show that

Y

' gradd = 25 at the point (3,-1,2)

Vc1>-a—(p i+@j+%l}=(y+z)i+(x+z)j+(y+x)§

T ox ay
Wip(3,-1,2) =1 + 57 + 2k ----—-- 1
= =91 4 2] + 12k -meemmm e 2

E

4. gradd = —9 + 10 + 24 = 25

4.1fd=x3+vy3+ 23 —3xyzfind Vd and | V| at the point

p(1,-1,2).

9 . 8d , 00
V(l) = Ix l+'£j +5k
V= (3x? — 3yz)i + (3y? — 3x2)j + (322 — 3xy)k

Vd(1,-1,2) =9i — 3j + 15k

V| (1,-1,2) =4/(9)2 + (—3)% + (15)% =325



5.1fd=x%y + y?z + z%x find Vo at (1,2,3)

Lo 5, 00 b g
Vc])—ax l+ay}+azk

Vo= (2% 4 2xy)T + (x% + 2y2)j + (y? + 2zx)k

Vd(1,2,3) = 137 + 13/ + 10k

6.1f ¢ =x™ 4+ y™ + z™ where n is a non-zero real constant, prove that

Vob.r=nd

0 005 20 ¢
V(b_ax l+6yj+azk

=nx™ 1+ ny™ Y + nz" 'k
Vo.r=n(x""1+ y"1f + 2" k). (xi + v + zk)

=n(x"+y*+2z")=nd

7. If ais a constant vector show that V(a.7”) = a
Leta =a i+ a,f + azk, r =xi + yj + zk

a.r=a=a;x +a,y + asz

5y d(a?) , d(ai) , dl(ar) &
V(a.r) = ol 5y Jr— k

-~

=yl +ayj+azk=a



Unit Normal:- V¢ is the normal vector to the surface ¢(x,y,z) then a unit
normal vector is denoted by 71 is defined as

Directional Derivative:- if @ is any vector and ¢ is any scalar point function

then Vcbl—i—l represents the component of V¢ in the direction of a which is known

as the directional derivative of ¢ in the direction of a.
Directional derivative = Vc]).ﬁ:;—l =Vd.a

Problems:-

1. Find the unit normal to the surface yz + zx + xy = c at the point
p(—1,2,3).

The equation of the given surface is ¢(x,y,z) =c

b =yz+zx +xy

_0b 5, 005 0% ¢
V(l)_ax l+6yj+azk

Vp=W+2)i+x+2)j+@+x)k

Vdp(—1,2,3) =51 + 2 + k,

V| =V25 +4 +1 = \/;

Vd  Si+2j+k

=l = J;




2.Find the unit normal to the surface x3y3z2 = 4 at the point p(~1,—1,2)
The equation of the given surfaceis ¢(x,y,z) = —4 + x3y322

_9b ;b 00 p
Vcl)_ax l+8y}+azk

= 3x2y32z%i + 3x3y?z%j + 2x3y3zk

Vdp(—1,-1,2) = =121 — 12] + 4k

V| =+/(—12)2 + (—12)2 + 42 = [304

Vo _ -12i-12j+4k
V|

n=
304

-4

(3i+3j — k)

304

3.Find the angle between the direction of the normals to the surface
xeyz =1

at the point p(—1,1,1) and q(1,—1,—1)
The given surface is $(x,y,z) = x?yz =1
At any point (x,y,z) of this surface the normal is along the vector.

_0b o b dbp ST SO . >
Vcb—axL+ay}+azk—2xyz.t+x21+xyk

Therefore, at the point p(—1,1,1) the normal is along the vector

a=|Vdlp=-20+j+k



at the point q(1, —1, —1) the normal is along the vector

o~

b=|Vd|lqg=2i—]—k
If @ isthe angle between the direction of these normals, we have

a.b _ —6 _
lallb] ~ v6v6

This gives 8 = m as the required angle. Thus at the given points the

cosl =

normals to the given surfaces are in opposite direction.

4.Find the angle between the surfaces
x2+y2+2z2=9andz =x?+y? — 3 at the point p(2,—1,2)

The angle between the surfaces at a common point p is defined to be equal
to the angle between the normals to the surface at the point p.

The given surfaces are S; whose equation is $(x,y,z) = x2 +y2 +2z2=9
And S, whose equationis Y(x,y,2z) = x>+ y* —z =3

Vo = 2xi + 2yj + 2zk = 41 — 2] + 2k

VY =2xi+2yj—k=41-2]—k

V is along the normal to the surface S; and Vy is along the normal to the
surface S, . Therefore, 0 is the angle between the surfaces S, and S, at the point

p, then B is the angle between V¢ and Vi at p.

Vo .V = |VP| |V |cos b

Vh.Vy  2(20—j+k). (40 —2]—k)
IVOIIVY| Vie+4+4 Vi6+4+1

cosf =

. _ = 6 = cos~1—2
T ev21 321 il 3421



5.Find the angle between the tangents to the curve

F:(t— §)3+t2j+(t+533—)ﬁ att = +3

il 1 L t+2tfj+(1+ e k
at) = 3 )Ty 3

When t = 3, t, :(%E) =(1—9)i+6]+ (1+9)k = -8 + 6] + 10k

When t = =3, t, =(%) = (1-9)i— 6]+ (1+9)k =

—81 — 6] + 10k
g it (-8t + 6] + 10k). (—8i — 6] + 10k)
COS = =
[t;]]t,] V64 + 36 + 10064 + 36 + 100

64—36+100 128 16
V200 /200 200 25

6. Find the directional derivation of ¢ = x%yz + 4xz? at (1,—2,—1) along
21 —j — 2k.

Vo = (2xyz + 4z22)1 + x2z] + (x%y + 8x2)k
2i—j-2k _ 2i-j-2k

. Wi T Varira | 3 2

4 37
Vo.a=[16+1+20] =



7.Find the directional derivative of ¢(x,y, z) = 2x%y3z* at (1,—1,1) in the
direction of 1+ 2] — 2k

_0b o OB OB &
V(l)'ax l+8y}+azk

4xy3z*1 + 6x%y%z*] + 8x2y323k
Vdp(1,—-1,1) = —4i + 6] — 8k

i+2f-2k i+2j-2k
N 3

Vo.d = 2(—41+ 6] — 8K).(1 + 2] — 2k)

a=

a6 2 =g
=3 =5 =

8.Find the directional derivative of d(x,y,z) = x?yz + xz2 at (-1,2,1) in
the direction of 2i —j — 2k

0 5,00 . 09 ¢
V(l)'ax l+8y}+azk

= (2xyz + z2)1 + x%z] + (x*y + 2zx)k

2i—j-2k
3

Vd(—=1,2,1) = =31+ + 0k a=
=7

Vc1>.a=§[—6—1] ==

Xz

9.1fp =

T find the directional derivative at (1,-1,1) in the direction

A=1-2j+k

0 o 00 00 p
V(l)'ax l+8yj+azk



8p _ y?z-zx* 8¢ _  —2xzy 8 x

dx (x%+y2)? ay (x2+y2)2 9z (x2+y?)
2z—zx% , —2xzy . x
d=2 ) —=_; —k
(x24y2)e = (x24p2)2 (x*+y?)

ppfwole 1s 18
Vc1>(1,—1,1)—OL+Z}+Ek—21+2k

ha=pliey -2

10. If the directional derivative of = axy? + byz + cz?x? at the point
p(—1,1,2) has a maximum magnitude of 32 units in the direction parallel to
the y-axis, find a,b,c.

Vo = (ay? + 3cz?x?)i + (2axy + bz)j +
(by + 2czx3)k

Vo(—1,1,2) = (a + 12¢)i + (—2a + 2b)j +

It is given that the directional derivative of ¢ at p has a maximum
magnitude of 32 in the direction parallel to the y-axis V¢ = 32] ------------ 2

Compare 1 &2

—2a+2b=32 a+12c=0 b—4c=16

(—a+b =16)+(a+12c=0)= (b+12c =16)
(b+12c=16)—(b—4c=0) = (16c = 16)
c=1b=4 a=-12



11.Find the maximum directional derivative of log (x% + y? + z?) at
(1,1,

The maximum directional derivative of ¢ is [V |

9 5, 00 3¢
Vcl)_ax Haij’azk

- ) e )t
X2+ y24+22) " k2 4 y2 4 22 / Xohyetize

R — f‘_* dp2_8_
}‘|‘§k |V(1)| = 9+9+9—3—2

12.Find the angle between the surfaces x?yz + 3xz = 5 and x?yz3 = 2 at
(1;'2)1)

Vd(1,1,1) = %1‘ .

wlm

op , 9d . 0O 5
51 :V(l)=a l+§;j+gk

= (2xyz + 3z%)i + x%z] + (x%y + 6zx)k
Vo=(4+3)i—j+(—2—-6)k=7i~]—8k
S, = Vi = 2xyz31 + x?223] + 3x2yz2k
Vi = 41— j — 6k
Vo.Vy (71— —8k).(4i—]—k)
IVOIIVY] V49 +1+64 V16 + 1+ 36

_ 28+1+48
V114 /53

cos @ =

Divergence of a vector function :-

IfA = A1+ A,j + Ask is a vector function
defined and differentiable at each point (x,y,z) then divergence of A is denoted by
div A or V.4 and is defined by



. =¥ 3A1 3142 aAq
= VA= + + —
divA V.A o ay a2

Hence, divergence factor of a vector function is a scalar function.

Irrotational vector or conservative force field or potential field :-

—
A vector field A is said to be a irrotational vector or a conservative force

field or potential field or curl force vector if VXA =0

Scalar potential:- a vector field A which can be derived from the scalar field

¢ such that F= V@ is called conservative force field and ¢ is called Scalar
potential.

= +yj . . . .
1.Show that F = j;ﬁ is both solenoidal and irrotational.
- _ aFj 5F2 6F3 _ —x2+y2 xz—yz _
divF =77 + Tl e T (x2+y2) ’
i 7ok
" " 2 2 a
Curl F =VXF =| 5% 9y oz
x y
x2+y2 x2+y2 0

\ a( vy . a/r x
:l[o_§(x2+y2)] _][0_5(x2+y2)]

o ([0 y d X
+k[§(x2+y2)—@(x2+y2)]

—2yx —-2yx ]
(xZ +y2)2 (xZ +y2)2

0+ + E[

=0 is irrotational.



2.Find the constants a,b,c such that the vector F = (siny + az)i +
(bxcosy + z)J + (x + cy)k is irrotational

i j k
) 3] d i)

siny +az bxcosy+z x+cy
—"[a 6(b +)] "[a + 2 tsi + az)
=1 @ (x + cy) 57 xXcosy + z i o (x+cy) e (siny + az
~[0 a .
+ k [5:_ (bxcosy + z) — @ (siny + az)]

i[c — 1] = j[1 — a] + k[bcosy — cosy] If a=b=c=1,

=i[1 — 1] = j[1 — 1] + k[cosy — cosy] = 0

3.Find the divergence and curl of the vector

F = 3x%y — 2)i + (xz2% + y*)j — 2x22%k

w2 4 9% | R 3 _ 42
Div F = = + 3y il 6xy + 4y° —4x“z
i ) k
= a 6 a
VXF = = By =

3x2y—z xz?+y* —2x%z%

={[0 — 2zx] — j[—4x2z? + 1] + k[z? + 3x?] =—22zxi — [1 — 4xz?]j +
[z% — 3x%]k



4.1f7 = xi + yJ + zk show that (i) V¥ = 3 (i) VX# = 0

Divp=20 4 92 4 % _q1141=3
dx ay 0z

Curl F = VXF =

=%ls =
b—\&lm"-a
= Qe &

={[0 — 0] — j[0 — 0] + k[0 — 0] = 0

5.Find the constants a,b,c such that the vector field F= (x+y+az)i+
(bx + 2y — 2)j + (x + cy + 2z)k is irrotational

i j k
VXFE = 2. 8 L
Ox dy 0z

x+y+az bx+2Zy—z x+cy+2z
=i[c — 1] = j[1 — a] + k[b — 1] If c=-1, a=1, b=1

i[-1—-1]—j[1-1]+k[1-1]=0

6. F = eX%(} +j + k) find divF and curlF

. 4 OF. OF. 3F3
Div — =il 2 = eXVZyy xyz xyz
F_ax + 2y + 5 — € Vz eV exz 4+ e ixy

i J
Cul F=WXF=| 2 2

dx ay
eXYZ  oXYIZ  pXYZ

TR

=i[e*Y?xz — e*Y?xy] — J|e*?yz — e*V*xy]

o~

+k[e*2yz — e™Exz]



7.V = 3291 + 3x2yj — 3ayzk is solenoidal at (1,1,1) find a

2 av. av. av-
F=Y |7 =2 -2 S
Div] v ax T ay T 0z
=3y + 3x? — 3ay

Ifa=2,Div = V.7 =3+3—-3(2) =0

is solenoidal.

8.Find divA and curld where 4 = grad(x® + y3 + 23 — 3xyz)
A = (3x% = 3y2)i + (3y? — 3x2)j + (32% — 3xy)k

divA = 6x + 6y + 62

i ] k
= a a d
Curl A = a 6’_)7 a

3x? —3yz 3y?—3xz 3z%-3xy

=i[—3x + 3x] — j[-3y + 3y] + k[-3z+3z] =0

9.Find the constant ‘a’ so that 4 = y(ax? + 2)i + x(y? — z2)j +

2xy(z — xy)k is solenoidal

= 2axy + 2xy + 2xy = 2axy + 4xy

= —4xy + 4xy = 0 is solenoidal



10. If it = (y +2)i + (z + x)j + (x + y)k is irrational. Also find a scalar
function such that F = Vo

i j k
vXF =| 2. 9 8
ax ay 0z

y+z Z4+x X+y

i[1—=1]—j[1—=1] + k[1 — 1] = O is irrotational

F=Vd
_ 9d db b -
] + j + k=—1+4+ —j + —
y+2)i+(z+x)]+(x+y) axl-}- 6yj+ azk
9% _ 9% _ 9% _
ax—y+z ay——z+x az—x+y

o = f(y+z)dx+f1(y,z) = (v + D)%+ fi9,2)
o = f(z+x)dy+f2(x,z) = (z+ 1)y + f,(x,2)

o = f(x Fy)dz + fi(5,y) = (2 + )z + fi(x5,9)

db=0+2)x+CZ+x)y+(x+y)z

11.F = x21 + y2j + z2k then find (i) V. F (i) VXF at the point (1,1,1)

0k . 25 o 0k —
V'F_ax =+ 3y + 6Z—2x+2y+22—6
A N
= a a d
VXF = E; 5 5;
x2 y2 22

={[0 — 0] — j[0 — 0] + k[0 — 0] = 0



12. Find divergence and curl of the vector

F = (xyz + y22)i+ (3x% + y22)j + (xz2 — y22)k

divF = yz + 2yz + (2x% — y2) = 3yz 4 2xz — yz

i 7 k
4 d 9 a
VXF = 'a—x a a_z

xyz+y?z 3x%+y?z xz?—y'z
= {[—2yz — y?] — j[z% — xy — y?] + k[6x — xz — 2yz]

13.f F = (x + y+ 1)i + j — (x + y)k show that F. curlF = 0

i j k
- a d B
(x+y+1D) 1 —(x+y)

={[-1-0]-j[-1-0]+k[0—-1]=-i+]—k
FoourlF =[(x+y+ Di+j—(x +yk].(-i+j—k)
FeurlF=—(x+y+1D)+14+x+y)=0
14.Find the constants a,b and c so that the
vector F = (x + 2y + az)i + (bx — 3y — z)j

+(4x +cy + 22)k is irrotational

i 7 k
VXF = L 2, A
ax ay oz

x+2y+az bx-3y—z 4x+cy+2z

VXF =i[c + 1] — j[4 — a] + k[b — 2]

If c=-1, a=4, b=2 VXF =0



15.kind the value of a,b,c for which the vector

7 =(x+v+az)i+ (bx + 3y — 2)j + (3x + cy + 2z)k is irrotational

i j k
VXH = 9 2 i
dx ay 0z

x+y+az bx+3y—z 3x+cy+2z
VX7 =i[c+ 1] — j[3+ a] + k[b — 1]

If c=-1,a=3, b=1 VX¥ =0

16. Find curl(curld) given A = xy* + y%j + z2yk

i ;7 k
d=vxi=2 2 2
i ax 9y o0z
Xy Yz 2%

i ikl
5 0 g 0
curl(curld) = = 3y
z2—y* 0 x

= {[0 — 0] — j[—=1 — 2z] + k[0 — 2y] = 01 + [1 + 2z]j + 2yk

17.F = (3x%y — 2)i + (xz3 + y*)j — 2x322k find grad (divF) at (2,-1,0)
divF = 6xy + 4y3 — 4x3z
grad(divF) = (=6 — 0)i + (12 + 12)] — 32k

= —61 + 24] — 32k



18.For what value of ‘a’ does the vector
F = (ax%y + y2)i + (xy? — xz2)j + (2xyz — 2x2y2)k
has zero divergences. Also find VXF

div F = 2axy + 2yx + 2xy

if a=-2
= —4xy +4xy = °
i i k
oy = d 0 d
B dx oy 0z
ax’y+y xy?—xz? 2xyz-—2x%y?

= i[2xz — 4x%y | — j[2yz — 4xy?] + k[(y? — z?) — (ax? + 2)]
19.1f F = 3x2i + 5xy?j + xyz3k at (1,2,3), find divF
V.F = 6x + 10xy + 3xyz?

V.F(1,2,3) =6+ 20+ 54 =80

20.Find curl[xyzi + 3x2y" + (xz? — y?2)k]

i j k
curlF = i —a—- i
dx  dy 0z

xyz 3x%y xz%?-—y?z

=i[—2yz — 0] — j[z% — xy] + k[6xy — xz]



21.Find the divergence and the curl of the vector F = (xyz + y2z)i +

(3x2%y + y22)j + (xz? — y22)k
divF = >z + (3x2 4 2yz) + 2xz — y?

i i k
curlF = i -a— i
0x ay 0z

xyz +y?z 3x’y+y’z xz?-y?z

= i[-2yz — y?] - j[z? — xy — y?] + k[6xy — xz — 2yz]

22.Prove that div(curld) = 0if 4 = a,i + a7 + 43k

i ] kv
curlA = i i i

dx 0dy 0z

a, a; as

gradd I I + ay az
i ]k
a o o
curl(gradd) = |ax oy oz
5¢ ¢ 3
ox 9y oz

- %¢ 0% _
Oyaz Oxaz Oxaz dydx Oydx|

9%
Oyaz



24.Prove that V(ﬁX §) = B.curlA — A. curl}

W dBh e 0
V(AX3) = zi._-(AXB)

= Xt aAXB + 21 AXaB
B "(5 ) L 6x)

Interchange dot to cross

=3 "XaA B—1X "XaB A
. (l 6x)' (l ax)'
=curlA.3 — curlli. A

From the identity,

a.(bx&)=(axb).é=—d(cXxh)

25.1f 7 = xi + yj + zk and |#|=r find grad (divé)

r= |7 =/x2+y2 + 22 r2 =x%+y?% + 72
o _x gt ¥ o _E
ax r ay r 9z r

7 dr?x) de'y) dTlz)
dw;  dx * dy e dz

or ar or

=1 7 —2 _ -2 . =AT

r+x(—r E + y(=Dr a5 + z(—1r P

- o 2 2 2 _ - _
= 3r 1_7, 3(x+y+z)=3,r 1_?. 1=2,r 1

F d d d -
I _ P 2 -1y~ . 2 —152 —— 2 -1
grad (dwr) ax( N +6y( r-i)j+ az( r~ Yk



26.Prove that VX(VXE:?) = V(V. ﬁ) — VA2F where

F = x2>% + zxj — 3yz2k

Ly g k
curlF = —i E- i

dx Jdy 0z

x’y zx -3yz*

L |

curlF = —

= 1[0 — 0] — j[—2x + 62] + k[0 — 0]

0f + j(—2x + 62) + 0k 1.

VF = 2xy — 6yz
V(V.F) = 2yi + (2x — 62)j — 6yk

vnzﬁ—aZF"+62F“+62F£—2 i+ 07— 6yk
_ale ayzj dz2 Pl Y

V(V.F) — VA2F = 2yi + (2x — 62)] — 6yk — 2yi + 6yk

= (2x — 62)] 2.

From1l. & 2.,

L.HS=R.H.S



27.Prove that (FXV)X7 = —2F where 7 = xi + > + zk

T ke
> F, F, F
(FXV)X? = al 62 33
ax dy oz
"[Fa Fa] "[Fa Fa]+"-Fa Fa
‘123, Y8y J Yoz  Pox leay 2 0x
{ 7] k
. - a a a a
FXV)Xr = |F, — — F, — e P a
(FXV) >0z Fg@y Flaz s dx 1ély anx
X
Z
- sirg-rg) - [ 5 - A

= Zi["Fl — F1] = _2Fli
= —2F,i — 2F,] — 2F;k
—2[Fyi + F,] + F3k]

= —2F

28.1:V = WXR prove that curl | ¥ = 2Ii¥ where I/ is a constant vector

Let 7 = a,1 + a,f +iask

-

R R I B
V=WXR=\|a; a, aj
X y z

=

7 = 1layz — azy] — jla;z — azx] + k[a;y — a,x]



i b k
curli/ = i i i
dx dy 0z

azz —_ agy alz i (.I3_x aly i azx

curl 7 = i[a; + a;] — j[—a, — a,] + k[as + as3]
= 2a,1 +.2a,] +2ask
== 2[(,111\ 1B azj +:l3 E]

curll/ = =2|7

29.1f # = xi + yj + zk and |#| = r then prove that LS is solenoidal
r

r=|#] =x2+y2 + 22 r2 =x%+y?% 422
L o D il
ax ay r 9z
div - = div(er=31+ yr—3 + zr-3)
wr_3- WA\XIr ™t +yr ]2y
—a( ‘3)+a(y_3)+a( )
"~ Ox & dy g 0z o
7 r or or
s — =3 -4 -3 -4 _ -3 -4
dwrg—r 3xr ax+'r 3yr 3y r=3zr e

=3r=3 = 3r73(x% + y? + z?)
=3r3-3r3=90

30.7 = xi + yj + zk and |#| = r then prove that div(r37)

r=|F|=x2+y2+z2 r?2 =x2%+y?%+ 72
o _x gr _y dr _ =
ax 1 ay 9z r



div(r37) = div(xr3t + yr3j + zr3k)

ad a d
— — 3 — 3 by 3
ax(:&c*r)+ay(yr)+az(zr)
or ar or
— =3 2 3 2 3 2
r—4-x3r ax+‘r + 3yr 6y+r + 3zr e

=3r3 + 3r(x%2 + y? + z?)

=3r34+3r3 =6r3

31.Find V2r™ where r = |xi + yi + zk| and further show that it is equal

zeroifn = -1
2 2 5
VI = SO b ) 456
aizg(r”) = prel % = nEFF
0° ny — [pn-1 n-3 07
W(r )=n[r" " +x(n-2)r a]
r=|xi+ yj+ zk|
r=/x2+y? + 72
r?2 =x%+y?+ 22
9 _ X & _¥ L
ax r ay r dz r

=n[r" 21+ x%(n—2)r" ]
=nr"? + n(n— 2)r"*x?
2

37 ™) =nr" % + n(n — 2)r"ty?



2

a_zz. (rt) = nr*2 4+ nn— 2)?"n¥422

Vir®t =3nr™ 2 + n(n — 2)r"*(x? + y? + z?)
=3nr" 2 +n(n—2)r* 2
=nr"2[3+n-2]
=nr*?n+1]=0

if n=-1

-

32.If # = xi+ yj + zk then show that 1. gradF{I = ﬁ%

2.grad|?|® = 3|7|F

7 =xi+yj+zk

|7| = \/;2 +y2 422 =(x%+y?+2z5)*1/2 >

712 = (2 +y? + 22)

1
Fﬁ=(x2+y2+zﬁ“—1/2

Jl_e1. 61 91,
TR T o T ay TR T oz
e’ —E[x2 +y% + 22]‘%235 = —x[x? + y? +zz]_%
axlF 2
- —E —
= —x[|7?]72 = —x|7|°
imilarly, 2= —lifd L1 _ i3
Similarly, i y|7| o z|7|
grad — = —x|7#|731 — y|7| 73] — z|7| 3k

7]



-

= —l?l_S[XE“ij"f'ZE] = -WE

0 d 0 -
—33 — el —)3)\ —33
grad|r| ——ax|r|£+—~ay |7 )+—az 17|k

3
7P = [x + 52 +22]2

d 3 1 1
— |7 == (x? + y% + z2)22x = 3x(x% + y? + z?)2
0x 2
= 3x|7|
. . d =213 _ S O iy 3 -
S|m|IarIy,£ |7|° = 3y|r|£|r| = 3z|r|

grad|7|® = 3x|7|t + 3y|#|j + 3z|F|k

grad|?|® = 3|7|[xi + yj + zk| = 3|7#|7

33.If 4 and 3 are two irrozational vector function, then prove that AXiiis
solenoidal

div(ﬁXﬁ) = B.curlA — A.vurlB
A and B are inrotational, hence curlA = curlid = 0
Then div(£XB) = 0

Hence (/TXE&?) is solenoidal

34 .State the condition under which a vector function is irrotational and
when it is solenoidal, prove that

F = (siny + 2)i + (xcosy — z)j + (x — y)k is irrotational

G = (x +3y)1+ (y — 22)] + (x — 22)k is solenoidal



The function F is irrotatienal if curlF = 0 and is soleneid=! if DivF = 0

l i f ;’E |
curlF = i i i
0x ay 0z

Siny + 2z XSV =7 LY 5,V
= i[-1+ 1] = j[1 = 11+ k[cosv — cosv],= 0

= (0 is irrotational

. =9 ) 9
DlvF—E(x+3y)+a—y(y—22)+g(x—22)

=1+1-2
35.Find curlF where F = %1‘ +§j‘+§§ and

or _ x ar _y or _ z
r

ax r ay

& ¥ 0z 5 dx 0z o dx 4
=i = + = | = 2 + 2 + k 2 -+ ")
T AT TR R L T
_"[ B o 8 . r3]+k o +r3 =1



36.Prove that div(A + B) = (ai + %j‘ + %ﬁ) (A B)

%0 n 0 2 A
=t [A+Bl+]. S [A+Bl+k. S-[4A+B]

[0 2 e ] 2 2

6A+ 6A+E6A]+[ db JB Eas
L@x }'ay 0z ax jay 0z

= divA + divB

2 o*f | 20r
37.With usual notation, prove that V*f(r) = — + 3
where 12 = x2 + y2 + 72
Letd = f(r) Diff. w.r.t. x
o0 _ ., Or_ ., x
= f (5= f)=
or

62(1) X r_xax
e PNy O lat 7y

=T+ FOR-3)

62 2 2 r
%y SO 2O
9’ yz f( ) Y
Tz =l =
0°d  z° f’(?‘) z*f'(r)
3z2 2f (r) + 3



g* 02 i
¢ 7 ¢ L ¢
dx4 gy " 0z®

3f'(r)  f'(1)
r

r3

@)

rz

(x> +y2+2z%)+ (x? + y? + z?)

3/ () f'()
12

r

= f(r) +
2'(r)

r

VEf(r) = f(r) +



